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Abstract
We construct an exact soliton, which represents a BPS Dp-brane, in a boundary string
field theory action of infinitely many non-BPS D(p − 1)-branes. Furthermore, we show
that this soliton can be regarded as an exact soliton in the full string field theory. The
world-volume theory of the BPS Dp-brane constructed in this way becomes usual gauge
theory on commutative Rp+1, instead of non-commutative plane. We also construct a
Dp-brane from non-BPS D(p−n)-branes by the ABS like configuration. We confirm that
the Dp-brane has correct RR charges and the tension.
∗ E-mail: seiji@hep-th.phys.s.u-tokyo.ac.jp
1 Introduction
The idea of construction of a Dp-brane from infinitely many lower dimensional D(p− 2)-
branes has been developed in the context of the Matrix theory [1]-[6]. Though this is
very interesting idea, it was known that the Dp-brane which is constructed from BPS
D(p − 2)-branes has charge of the BPS D(p − 2)-branes because the lower dimensional
brane charges should be conserved. This means that the world-volume of the BPS Dp-
brane becomes non-commutative space [7]-[11]. Therefore it is interesting to construct a
pure Dp-brane with commutative world-volume from lower dimensional D-branes.
On the other hand, some properties of the system containing tachyon in string theories
have been understood [12]-[14]. In particular, the non-BPS branes [15]-[19] and the brane-
antibrane systems [20]-[22] have been studied. Furthermore, the exact solitons has been
found in the effective non-commutative world-volume theories of unstable D-branes [23]-
[28].† Here the solitons represent lower dimensional D-branes. This effective theories can
be regarded as the tree level actions of string field theories, then, this solitons can be
regarded as the exact solutions of equations of motion of string field theories. Recently,
even for the case without non-commutativity, the exact solution has been found in the
world-volume of the unstable D-branes using the boundary string filed theory (BSFT)
[29]-[33], which was first formulated by Witten [34].
Then it is natural to try to construct a BPS D-brane from lower dimensional unstable
non-BPS D-branes which have no conserved charges. Although some attempts to do this
was made in [35], the result is not clear, especially for the brane tension, since the BSFT
action for the non-BPS brane had not been obtained and the actions used in [35] are not
considered to be exact.
In this paper we construct an exact soliton, which represents a BPS Dp-brane, in the
effective world-volume theory of infinitely many non-BPS D(p − 1)-branes. This world
volume theory is obtained from BSFT and the T-duality. In this paper we call a solution
of the equations of motion the soliton although the solution is not localized in the world
† This construction can be viewed as a condensation of the tachyon which makes the lower dimensional
unstable ∞ − 1 D(p − 2)-branes disappear. A remaining D(p − 2)-brane corresponds to the soliton
solution in the non-commutative world-volume theory of the unstable Dp-brane because the infinitely
many unstable D(p− 2)-branes constitute the unstable Dp-brane. For more details, see the appendix.
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volume of the non-BPS D(p− 1)-branes. This is because the solution is localized in the
T-dual picture. Moreover, we can show that the solution remains intact even if we include
the terms containing many commutators in the action. These terms should be included
into the action when we consider the full string field theory action. Therefore, this soliton
can be regarded as an exact soliton in the string field theory, as in the construction of
the non-commutative soliton [28], where it is argued that derivative corrections, which
correspond to higher commutator terms in our case, can be ignored.
The world-volume theory of the BPS Dp-brane constructed in this way becomes usual
gauge theory on commutative Rp+1. The new commutative coordinate of the world-
volume of the BPS Dp-brane appears through the non-commutative R2. The extra di-
mension effectively disappears by the condensation of the tachyons as in the case of a
soliton in a D9-brane, then the non-commutative R2 reduces to the commutative R1.
We also construct a Dp-brane from non-BPS D(p− n)-branes by the ABS like config-
uration. It is shown that the RR charges of the solitons are correct ones. The tension of
the Dp-brane is shown to coincide with the expected value for n = 1 case. For n > 1, we
show that the tension of the soliton computed from a natural action coincides with the
expected value.
This paper is organized as follows. In section 2, we briefly review the BSFT action for
non-BPS D9-brane and the construction of the soliton in it. In section 3, we construct an
exact soliton, which represents a BPS Dp-brane, in a BSFT action of infinitely many non-
BPS D(p−1)-branes. We also construct a Dp-brane from non-BPS D(p−n)-branes by the
ABS like configuration. We confirm that the Dp-brane has correct RR charges and the
tension. In section 4, we construct an exact soliton for brane-antibrane systems. Section
5 is devoted to conclusion. In appendix we summarize the construction of Dp-brane from
D(p− 2m)-branes.
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2 Solitons in BSFT action
First we review the BSFT action for non-BPS D-brane and the construction of the soliton
in it [31]. The BSFT action for the real tachyon T (x) is obtained in [31] as
S = T˜9
∫
d10xe−
T2
4 F
(
α′
2
∂µT∂
µT
)
, (2.1)
where
F (x) = x
4x
2
Γ(x)2
Γ(2x)
(2.2)
and T˜p is the tension of the non-BPS Dp-brane. This action is considered to be exact if
we set T =
∑
uixi and other fields to zero. Using
F (x) = 1 + 2 ln 2 x+O(x2), (2.3)
we can obtain
S = T˜9
∫
d10xe−
T2
4
(
1 + ln 2α′∂µT∂
µT +O((∂µT∂µT )2)
)
. (2.4)
Then it was shown in [31] that the closed string vacuum corresponds to T = ∞ and
the exact soliton which represents a BPS D8-brane is
T = ux9, (2.5)
with u =∞ from
F (x) =
√
pix+
1
8
√
pi
x
+O( 1
x
3
2
). (2.6)
Furthermore, the tension of the BPS D8-brane is finite and coincides with the expected
values. The fluctuation around the solution was studied in [36] [37] and it was explicitly
shown that the fluctuation modes live effectively on the R9 by the effect of the factor
e−T
2/4 ∼ e−ux29/4 which makes the fluctuations along x9 confine in the region of a length
scale 1/
√
u. The spectrum, however, is not expected to be exact because some neglected
terms in the BSFT action, for example e−T
2/4(∂µ∂νT )(∂µ∂νT ), may contribute the fluc-
tuation around the solution.
3
3 Construction of Dp-branes from lower dimensional
non-BPS D-(p-2m-1) branes
First we consider the soliton in a field theoretical toy model for the effective world-volume
action of N non-BPS D-branes. The field theoretical model of a tachyon field T (x) and
gauge fields Aµ(x) in a D9-brane considered in [36] is
S = T˜9
∫
d10xe−
T2
4
(
1 + c1α
′∂µT∂
µT +
c2
4
(2piα′Fµν)
2
)
, (3.1)
where ci are some numerical constants. Then from the T-dual relation
Aµ → 1√
α′
Φµ, (3.2)
it is natural to consider a toy model for N non-BPS D(−1)-branes‡ which has an action
S = T˜−1TrN×N
[
e−
T2
4 I(T,Φ)
]
, (3.3)
where T and Φµ become N ×N matrices and
I(T,Φ) = 1− c1[Φµ, T ]2 − c2pi2[Φµ,Φν ]2. (3.4)
Here we have done the replacement
DµT = ∂µT − i(AµT − TAµ) → −i 1√
α′
[Φµ, T ]
Fµν = ∂µAν − ∂νAµ − i[Aµ, Aµ] → −i 1
α′
[Φµ,Φν ]. (3.5)
The equations of motion for this action become
0 =
∂S
∂T
∼ −I(T,Φ)Te−T
2
4 + 4c1
[
Φµ, [Φµ, T ]e
−T2
4
]
0 =
∂S
∂Φµ
∼ −c1
[
T, [Φµ, T ]e
−T2
4
]
, (3.6)
where we have omitted the terms containing [Φµ,Φν ] or [T, [Φµ, T ]].
Hereafter we concentrate on the case of a system of infinite number of non-BPS D(−1)-
branes, i.e. N →∞ limit, and regard the matrix of N ×N as a linear operator. Then on
‡In this paper we consider the Euclidean space-time for simplicity.
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the analogy of the solution for the case of non-BPS D9-brane (2.5), we can try to take a
configuration
T = 2piµ
1√
α′
pˆ
Φ0 =
1
2pi
√
α′
xˆ, Φµ = 0 (µ = 1 · · · 9), (3.7)
where xˆ and pˆ are operators which satisfy
[xˆ, pˆ] = iα′. (3.8)
Note that for this configuration, it is hold that [xµ1 , [xµ1 , xµ1 ]] = 0 for any choice of
assigning xµi to Φν or T . Indeed, this configuration becomes a solution for the equations
of motion (3.6) provided that µ2 = 1/c1 because [Φ0, T ] = iµ and
∂S
∂T
∼ −T (1 − c1µ2).
We note that the normalization of the operator xˆ was taken such that the xˆ can be
regarded as the transverse coordinates of the non-BPS D(−1)-branes. We also note that
the commutator [xˆ, pˆ] is taken to depend only on α′. Actually, a solution for equations of
motion for general tachyon potentials was obtained before in [35], however, as a solution
of differential equation. We can easily check that the solution (3.7) solves the differential
equation.
The tension of this soliton can be computed as
S = T˜−1Tr
(
e−
pi2µ2pˆ2
α′ (1 + 1)
)
= 2T˜−1
∫
dxdp〈p|e−pi
2µ2p2
α′ |x〉〈x|p〉 = T˜−1 1
µ
√
pi3α′
∫
dx,
(3.9)
where we have used the eigenstates |x〉 of operator xˆ, i.e. xˆ|x〉 = x|x〉 with 〈x|x′〉 =
δ(x− x′) and the eigenstates of pˆ with 〈p|p′〉 = δ(p− p′) and 〈x|p〉 = 1√
2piα′
e
ipx
α′ . Although
this soliton is expected to represent a BPS D0-brane, the tension of this soliton does not
coincide with the BPS D0-brane tension T0 =
T˜−1√
2
1
2pi
√
α′
unless µ = 4√
2pi
. This is because
the action can not be regarded as an exact string field theory action.
Now we consider a solution for a BSFT action, which is derived from the action (2.1)
by the T-duality,
S = T˜−1TrN×N
[
e−
T2
4
{
F
(
−1
2
[Φµ, T ]
2
)
+G ([Φµ,Φν ], [Φρ, T ])
}]
. (3.10)
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This action may be an exact string field theory action for the configuration with
[T, [Φµ, T ]] = [Φν , [Φµ, T ]] = [T, [Φµ,Φν ]] = [Φν , [Φµ,Φρ]] = 0, (3.11)
which correspond to DµFνρ = 0, DµDνT = 0 and [T,DνT ] = 0. Here the function F
was defined by (2.2) and G(x, y) is a some function which is expanded around x = 0 as
G(x, y) = x2g(y)+O(x3). Note that any ordering of T , [Φµ,Φν ] and [Φµ, T ] in (3.10) can
be taken to have an exact action for the configuration which satisfies (3.11).
The equations of motion for this action become
0 =
∂S
∂T
∼ −1
2
F
(
−1
2
[Φµ, T ]
2
)
Te−
T2
4 − 1
2
[Φµ, T ]
2F ′
(
−1
2
[Φµ, T ]
2
)
Te−
T2
4
0 =
∂S
∂Φµ
∼ 0, (3.12)
where we have omitted the terms containing [Φµ,Φν ], [T, [Φµ, T ]] or [Φν , [Φµ, T ]].
Then from (2.6), we can find that the configuration (3.7) is a solution for the equation
of motion (3.12) provided that µ → ∞. Furthermore, the solution (3.7) is an exact
solution of the string field theory. This is because the solution (3.7) satisfies [Φµ,Φν ] = 0
and [[Φµ, T ], H(T,Φν)] = 0, where H(x, y) is an arbitrary function of x, y, then (3.7)
with µ→∞ remains a solution for the equations of motion even if we include the terms
omitted in the action (3.10), which vanish for the configuration satisfying (3.11).
The tension of the solution is computed as
S = T˜−1TrN×N
(
e−
pi2µ2pˆ2
α′ F (µ2/2)
)
=
T˜−1√
2
1
2pi
√
α′
∫
dx, (3.13)
where we have used (2.6) and
TrN×N
(
e−
pi2µ2pˆ2
α′
)
=
1
2µ
√
pi3α′
∫
dx. (3.14)
This indeed coincides with the tension of the D(−1)-brane. The Chern-Simons coupling
of the non-BPS branes which is relevant for this case is given by [39]-[41] [33] as
SCS = iµ
′TrN×N
[√
pi
2i
[Φ0, T ]C0e
−T2
4
]
, (3.15)
where µ′ is a constant which can be evaluated as µ′ = i−
3
2 T˜−1 by the computation of the
charge of the D(p− 1)-brane soliton in non-BPS Dp-brane BSFT action. Hence we verify
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the charge of the soliton as
SCS = i
3
2µ′
√
pi
2
1
2
√
pi3α′
∫
C0dx,=
µ′√
2
i
3
2
1
2pi
√
α′
∫
C0dx = T0
∫
C0, (3.16)
where Tp is a tension of a BPS Dp-brane. Note that in this computation we have not
taken the limit µ→∞ and the charge does not depend on the value of µ as expected.
Now we consider the fluctuations around the solution. First we expect that the fluc-
tuations around the solution become effectively on the commutative R1. This is because
the factor
e−
T2
4 ∼ e− 4pi
2
α′
µ2pˆ2, (3.17)
with µ → ∞ would suppress fluctuations along the pˆ. Note that in the limit µ → ∞,
e−
4pi2
α′
µ2p2 reduces to a delta function δ(p) in the commutative case and we can translate
the operators to the functions by the Weyl transformation. Thus this factor coming from
the tachyon condensation would effectively make the world volume of the BPS D0-brane,
which is constructed as the soliton, extend along R1, rather than non-commutative R2.
We note that in this construction of the D0-brane, the non-commutative R2 play a crucial
role in order to produce the world volume coordinate from the matrices.
It is not easy, however, to calculate the effective action for the fluctuation modes since
the BSFT actions used in this paper do not include the necessary terms to compute these
as mentioned in section 2. Here we only restrict the fluctuations as
T = 2piµ
1√
α′
pˆ
Φ0 =
1
2pi
√
α′
xˆ, Φµ = δΦµ(xˆ) (µ = 1 · · ·9), (3.18)
i.e. we only consider the pˆ independent fluctuations of the transverse scalars of the D0-
brane. One reason to consider these modes is that the modes are decoupled from the other
modes up to quadratic fluctuation. Indeed, the action should contain the field Φµ as the
commutator [Φν ,Φµ] or [T,Φµ] and these commutators are already quadratic fluctuation
except
[T,Φµ] ∼ 2piµ 1√
α′
[pˆ,Φµ] ∼ −2ipi
√
α′∂xˆ(δΦµ(xˆ)). (3.19)
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Then inserting (3.18) and (3.19) into the action (3.10), we obtain a desired result:
S = T˜−1TrN×N
[
F
(
µ2
2
(1 + 4pi2α′(∂xˆδΦµ(xˆ))
2)
)]
= T0
∫ √
1 + 4pi2α′(∂xδΦµ(x))2dx.
(3.20)
Of course, we extend the construction of the higher dimensional D-branes from the
infinitely many non-BPS D(−1)-branes to the one from infinitely many non-BPS D(2m−
1)-branes. In this case the action for the D(2m − 1)-branes includes the gauge fields.
Because the analysis is almost same as above discussions, we will consider more nontrivial
generalizations.
We also construct an exact solution, which represents n BPS D0-branes:
T = 2piµ
1√
α′


pˆ
. . .
pˆ

 , Φ0 = 12pi√α′


xˆ
. . .
xˆ

 , Φµ =


Cµ1 1
. . .
Cµn1

 ,
(3.21)
where µ = 1 · · ·9. The constants Cµi correspond to positions of the i-th brane. The D0-D0
brane system is obtained by changing signs of pˆ in T , for example, T ∼
(
pˆ 0
0 −pˆ
)
.
On the analogy of the ABS configuration [38], a configuration for a D(m− 1)-brane is
expected to be
T = 2pi
1√
α′
m−1∑
k=0
µk γk pˆ
k,
Φi =
1
2pi
√
α′
xˆi (i = 0 · · ·m− 1), Φµ = 0 (µ = m · · ·9), (3.22)
where γi are 2
[m/2] × 2[m/2] Hermitian gamma matrices which satisfy {γi, γj} = 2δij and
[xˆi, pˆj] = iα′δij . The D-brane charges of this configuration are expected to vanish for
m = even, i.e. the non-BPS D(m− 1)-brane. Indeed, we can see that the RR charges of
the soliton coincide with the expected values. The Chern-Simons coupling for the several
non-BPS D(−1)-branes was obtained by the BSFT [33] as,
SCS = T˜−1i
− 1
2SymTr
[
e−2pii iΦiΦ+
√
pi
2i
[iΦ,T ] ∧ C e− 14T 2
] ∣∣∣∣
odd
, (3.23)
where the SymTr denotes a symmetric trace with respect to [Φµ,Φν ], [Φµ, T ] and T
2 and
iΦ denotes the interior product by Φ:
C =
1
r!
Cν1,ν2,···,νrdx
ν1dxν2 · · · dxνr → iΦC = 1
(r − 1)!Φ
iCi,ν2,···,νrdx
ν2 · · · dxνp. (3.24)
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Here [ ]|odd means that we should take the odd forms of the RR-fields C only. Thus we
can obtain the RR charges of the soliton as
CCS = i
1√
2
µ′(−i)[m/2]im2
(
1
2pi
√
α′
)m ∫
C10−m = Tm−1
∫
C10−m, (3.25)
for m = odd. Here µ′ = T˜−1i−
3
2 and we have used Trγ(γ1 · · · γ2n+1) = 2n(−i)n.
It is difficult, however, to show that the configuration is a solution because [T, [Φj , T ]] =
i2pi 1√
α′
µj
∑m−1
k=0 µk [γk, γj] pˆ
k 6= 0. Instead of showing this, we consider another action,
which seem to be natural, and compute the tension using this action. To this end, let
us remember that for the configuration T =
∑m−1
k=0 µk γk x
k, the BSFT action for 2[m/2]
non-BPS D9-branes becomes [31]
S ′ = T˜9 2
[m/2]
∫
d10x e−
T2
4
m−1∏
k=0
{
F
(
α′
2
µ2k
)}
= T˜9 2
[m/2]
∫
d10x e−
T2
4
m−1∏
k=0
(
1 + (ln 2)α′µ2k + βα
′2µ4k + · · ·
)
= T˜9 2
[m/2]
∫
d10x e−
T2
4

1 + (ln 2)α′m−1∑
k=0
(µ2k) + βα
′2
m−1∑
k=0
(µ4k) + α
′2
m−1∑
k,l=0, k>l
(ln 2)2µ2kµ
2
l +· · ·


= T˜9
∫
d10x e−
T2
4 Trγ
[
1 + (ln 2)α′(DlT )
2 − 1
2
(ln 2)2α′2(DlTDmT )
2
+
(
β +
1
2
(ln 2)2
)
α′2(DlT )
2(DmT )
2 + · · ·
]
, (3.26)
where β is a numerical constant and we have used Trγ(γkγlγkγl) = 2(Tr1)(2δkl−1). Then
the BSFT action for the N × 2[m/2] non-BPS D(−1)-branes is expected to be
S = T˜−1Trγ TrN×N
[
e−
T2
4
(
1− (ln 2)[Φµ, T ]2 − 1
2
(ln 2)2([Φµ, T ][Φν , T ])
2
+
(
β +
1
2
(ln 2)2
)
[Φµ, T ]
2[Φν , T ]
2 + · · ·
)]
. (3.27)
Note that this action may be consistent with the action (3.10) with N → 2[m/2]N since
(3.27) may coincides with (3.10) for [[Φµ, T ], [Φν , T ]] = 0. The action (3.27) is evaluated
for the soliton as
S = T˜−12
[m/2] TrN×N
[
m−1∏
k=0
e−
pi2µ2
k
pˆ2
k
α′ F (µ2k/2)
]
= T ′m−1
∫
dx0 · · · dxm−1, (3.28)
9
where
T ′m−1 = T˜−12
[m/2]−m
(
1√
2α′pi
)m
. (3.29)
Therefore we have found that the T ′m−1 is coincide with the D(m − 1)-brane tension
T non−BPSm−1 = (
1
2pi
√
α′
)mT˜−1 for m = even, or TBPSm−1 = (
1
2pi
√
α′
)m T˜−1√
2
for m = odd.
Another exact solution corresponding to BPS D(2m)-brane is an analogue of the usual
construction of the non-commutative brane as in [35]:
T = 2piµ
1√
α′
pˆ, Φ0 =
1
2pi
√
α′
xˆ,
Φ2i−1 =
1
2pi
√
α′
xˆi, Φ2i =
1
2pi
√
α′
pˆi, (i = 1 · · ·m),
Φµ = 0, (µ = 2m+ 1 · · ·9), (3.30)
where xˆi and pˆi are operators which satisfy
[xˆi, pˆj] = iδijα
′. (3.31)
As the usual construction of the non-commutative D-branes, this solution represents the
BPS D(2m)-brane with the lower dimensional D-brane charges, or background constant
NS-NS B field. This can be verified by the computation of the RR charges from the
Chern-Simons couplings (3.23). We can also construct the exact soliton corresponding to
a non-BPS D(2m− 1)-brane with background constant NS-NS B field as
Φ2i−2 =
1
2pi
√
α′
xˆi, Φ2i−1 =
1
2pi
√
α′
pˆi, (i = 1 · · ·m),
Φµ = 0, (µ = 2m · · · 9), T = 0. (3.32)
In appendix, we will discuss these cases further.
Finally, we comment on the combinations of the above constructions. If we notice
that the direct sum of the above configurations is also an exact solution of the equations
of motion, we can easily construct the composite system of any number of Dq-branes and
D(q+m) branes. Therefore it is an advantage of the techniques in this paper that we can
easily construct the system of D-branes with different dimensions.
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4 Brane-antibrane System
For D9-D¯9 system, the BSFT action have been obtained [32] [33] as
S ′ = 2T9
∫
d10x e−T T¯F
(
α′
2
µ21
)
F
(
α′
2
µ22
)
= 2T9
∫
d10x e−T T¯
2∏
k=1
(
1 + (ln 2)α′µ2k + βα
′2µ4k + · · ·
)
= 2T9
∫
d10x e−T T¯
(
1 + (ln 2)α′(µ21 + µ
2
2) + βα
′2(µ41 + µ
4
2) + α
′2(ln 2)2µ21µ
2
2 + · · ·
)
= 2T9
∫
d10x e−T T¯
[
1 + 4(ln 2)α′∂lT∂lT¯ + 4
(
2β − (ln 2)2
)
α′2(∂lT∂lT¯ )
2
+4
(
2β + (ln 2)2
)
α′2(∂lT∂mT¯ )
2 + · · ·
]
, (4.1)
for the configuration
T =
1
2
(iµ1X1 + µ2X2), A
(i)
µ = 0, i = 1, 2. (4.2)
Thus the action for N D(-1)-D¯(−1) pairs is expected to be
S = T−1TrN×N
[
e−T T¯
{
1 + 4(ln 2)α′(Φ(1)l T − TΦ(2)l )(T¯Φ(1)l − Φ(2)l T¯ )
+4
(
β − (ln 2)2
)
α′2(Φ(1)l T − TΦ(2)l )(T¯Φ(1)l − Φ(2)l T¯ )(Φ(1)m T − TΦ(2)m )(T¯Φ(1)m − Φ(2)m T¯ )
+4
(
2β + (ln 2)2
)
α′2(Φ(1)l T − TΦ(2)l )(T¯Φ(1)m − Φ(2)m T¯ )(Φ(1)l T − TΦ(2)l )(T¯Φ(1)m − Φ(2)m T¯ )
· · ·}+ e−T¯ T
{
1 + 4(ln 2)α′(T¯Φ(1)l − Φ(2)l T¯ )(Φ(1)l T − TΦ(2)l ) + · · ·
}]
, (4.3)
where we have omitted T -independent terms and higher commutator terms. For this
action we can trace the construction of the higher dimensional D-branes considered in the
section 3.
For example, we can construct an exact solution for the infinitely many D(-1)-D¯(−1)
pairs as
T =
pi√
α′
(iµ1pˆ1+µ2pˆ2), Φ
(1)
0 = Φ
(2)
0 =
1
2pi
√
α′
xˆ1 Φ
(1)
1 = Φ
(2)
1 =
1
2pi
√
α′
xˆ2, other fields =0,
(4.4)
which corresponds to a BPS D1-brane. A solution which is corresponds to a D(m − 1)-
brane can be also constructed for 2[m/2] ×N D(-1)-D¯(−1) pairs as
T = ipi
1√
α′
m−1∑
k=0
µk Γk pˆ
k,
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Φ
(1)
i = Φ
(2)
i =
1
2pi
√
α′
xˆi (i = 0 · · ·m− 1), other fields =0, (4.5)
where Γk denote 2[
m−1
2
] × 2[m−12 ] Hermitian gamma-matrices in m − 1 dimension for k =
1, · · · , m−1 and Γ0 = i1. If we define a shift operator S such as S†S = 1 and SS† = 1−P ,
where P is a projection operator with dim(KerP ) = N0, a configuration T = µS with
µ→∞ is an exact solution corresponding to N0 D(−1)-branes.§
5 Conclusions
In this paper we have constructed an exact soliton, which represents a BPS Dp-brane,
in the effective world-volume theory of infinitely many non-BPS D(p − 1)-branes. We
have argued that the world-volume theory of the BPS Dp-brane constructed in this way
becomes usual gauge theory on commutative Rp+1. The new commutative coordinate of
the world-volume of the BPS Dp-brane is appeared through the non-commutative R2.
The extra dimension effectively disappears by the condensation of the tachyons as in the
case of a soliton in a D9-brane. We have also constructed a Dp-brane from non-BPS
D(p− n)-branes by the ABS like configuration. It has been shown that the RR charges
and tensions of the solitons are correct ones.
It is very interesting to study the fluctuations around the exact solitons including the
fermion fields to the action as discussed in [37]. In order to consider the fluctuations
properly, we probably have to calculate the BSFT action including the higher derivative
terms.
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A Dp-brane from D(p− 2m)-branes
First we consider the construction of BPS Dp-brane from infinitely many BPS D(p− 2)-
branes following [1]-[6]. For simplicity we consider the construction from BPS D(−1)-
branes only. The bosonic part of the effective action for the N BPS D(−1)-branes may
be written as
SN = T−1 SymTrN×N
[√
det (gµν − i2pi[Φµ,Φν ])
]
, (A.1)
where we have omitted the terms which contain two or more commutators and T−1 is the
tension of a BPS D(−1)-brane. It can be easily seen that the equations of motion for this
action with the limit N →∞ are satisfied by a configuration
Φi =
1
2pi
√
α′
xˆi, (i = 1, 2, · · · , 2m), (A.2)
where
[xˆj , xˆk] = iθjk (j, k = 1, 2, · · · , 2m), (A.3)
Note that there are moduli θjk. Here we take θ(2j−1), 2j = −θ2j, (2j−1) ≡ θj and the other
components vanish.
Because we expect that the full effective action contains Φµ only as a commutator
[Φµ,Φν ], the omitted terms in (A.1) can be ignored for the configuration (A.2) as far as
the equations of motion is concerned. Therefore we find that (A.2) is the exact solution
of the full string field theory and corresponds to a D(2m − 1)-brane with Bjk = (1θ )jk
[9]. Here following [11], we have chosen Φij = −Bij , where Φij represent some degree of
freedom to write the noncommutative action [9].
The tension of the solution is evaluated as
SN = T−1
∫
dx1
∫
dx2 · · ·
∫
dx2m−1
∫
dx2m
√√√√ m∏
i=1
(
1 +
θ2i
4pi2α′2
)
m∏
j=1
1
2piθj
= T−1
(
1
2pi
√
α′
)2m m∏
k=1


√√√√1 + (2piα′
θk
)2 ∫
dx2k−1
∫
dx2k.

 (A.4)
This coincides with the tension of a D(2m − 1)-brane since the world-volume theory of
the D(2m− 1)-brane with non-vanishing B field becomes
S2m−1 = T(2m−1)
(
m∏
k=1
∫
dx2k−1
∫
dx2k
)√
det (gij + 2piα′Bij), (A.5)
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which agrees with (A.4).
If we denote fluctuations around the solution as
Φi =
1
2pi
√
α′
(
xˆi − Aˆjθji
)
, (i = 1, · · · , 2m), (A.6)
we find [10] [11]
[Φi,Φj ] = −i 1
4pi2α′
(
θij − θikθljFˆkl
)
= i
1
4pi2α′
θikθlj
(
Fˆkl + Φkl
)
, (A.7)
where Fˆkl = ∂kAˆl − ∂lAˆk − i[Aˆk, Aˆl]. We can also show that
(−i)[Φi1 ,Φi2 ](−i)[Φi2 ,Φi3 ] · · · (−i)[Φi2n−1 ,Φi2n ](−i)[Φi2n ,Φi1 ] = Tr((G−1(F + Φ))2n),
(A.8)
where Gij = −(2piα′)2(B2)ij is the open string metric [9]. Using this, we can show that
an action for the fluctuations around the solution indeed becomes the non-commutative
effective world-volume theory of the D(2m− 1)-brane
SN = T9
gs
Gs
√
det(2piθij) SymTrN×N
(√
det(Gij + 2piα′(Fˆij + Φij)
)
, (A.9)
where Gs = gs
√
det(2piα′Bij) is the open string coupling constant [9]. Therefore the
action (A.1) and (A.9) are the same action with the different backgrounds, which satisfy
the equations of motion.
Now we consider the omitted terms in (A.1), which are higher commutator terms. In
principle, we can determine these terms from the non-abelian effective world-volume action
of D9-branes by a replacement 2piα′Fij → −i[Φi,Φj ] and (2piα′)m2 +1Di1 · · ·Dim(Fkl) →
−im+1[Φi1 , [· · · , [Φim , [Φk,Φl]]]]. From (A.6), we can regard iΦi by
√
2piα′Dˆj =
√
2piα′(∂ˆj+
iAˆj) with the open string metric in the non-commutative gauge theory picture where
[∂ˆj , f(xˆ, pˆ)] = ∂jf(xˆ, pˆ). Therefore we find that the full effective action for the fluctuations
around the solution has same form as the non-abelian effective world-volume action of
D9-branes, as expected.
The D-brane charges can be also evaluated from the Chern-Simons term [42]
SCS = T−1SymTrN×N
(
e−2pii iΦiΦ ∧ C
)
, (A.10)
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which may be obtained from the Chern-Simons term for BPS D9-brane SD9CS = T9
∫
d10xe2piα
′F∧
C. Substituting the solution into (A.10), it is obtained that
SCS = T2m−1
∫
d2mx e2piα
′B ∧ C. (A.11)
Now we consider the construction of non-BPS D(2m− 1)-brane from infinitely many
non-BPS D(−1)-branes. The action for these was given by (3.10). The solution for this
case was given by (3.32) and the above analysis for the BPS case can be applied with-
out essential modifications. In particular, we can see that the noncommutative gauge
theory action and the matrix action (3.10) are the same action with the different back-
grounds, which satisfy the equations of motion. In [27] [28] the non-commutative soliton
corresponding to N0 non-BPS D(−1) branes was constructed in the noncommutative
world-volume theory of D(2m− 1)-brane. It can be identified in the action (3.10) as an
almost trivial solution
T = Tc(1− P ), Φµ = 0, (A.12)
where Tc =∞ and P is a projector which obeys dim(Ker(1− P )) = N0.
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